The dispersion relations of the surface plasmon modes of metal nanoparticle chains are measured, and compared with theory. The theoretical model includes the effects of retardation, radiative damping and dynamic depolarization due to the finite size of the nanoparticles. The results reveal that, in addition to one longitudinal and one transverse mode, there is a third mode, which has not been previously reported.
Introduction
The realization of waveguides with sub-wavelength lateral mode confinement would present a means to miniaturize optoelectronic circuits to nanoscale dimensions. Conventional dielectric waveguides [1] do not offer this possibility, since the minimum beam diameter is determined by the effective wavelength in the core material [2] . This motivated the proposal of an alternative approach, based on chains of closely-spaced metal nanoparticles [3] . Electrodynamic coupling between surface plasmons excited on neighboring nanoparticles enables electromagnetic energy to be transmitted along such structures. This presents an opportunity for shrinking waveguides to sub-wavelength lateral dimensions, since the constituent nanoparticles are only tens of nanometers wide. Nanoparticle chains should allow the propagation of electromagnetic energy around sharp corners with bending radii much smaller than the free space wavelength [4] . Early work on metal nanoparticle chain waveguides predicted significant propagation losses, e.g. 3 dB per 15 nm [5] . However, these estimates have been significantly revised in light of recent theoretical models [6] , [7] that predict that longer propagation lengths (amplitude 1/e decay lengths) are achievable, for example above 5 μm [7] . Metal nanoparticle chains were studied theoretically by Markel in 1993 using the coupled-dipole approach [8] . Since then, in addition to waveguides, a number of applications have been proposed. The surface plasmon modes of nanoparticle arrays were proposed for use in random lasers [9] . Optically-trapped nanoparticle chains were studied by Guillon [10] . The use of nanoparticle chains for sensing [11] , sub-wavelength imaging [12] , and integrated optics [13] has also been proposed. Li et al suggested that a chain of metal nanospheres with different sizes could be used to generate intense local electric fields [14] . Coupling between pairs of nanoparticles also plays a central role in optical antennas [15] [16] [17] [18] , surface enhanced Raman scattering [19] and molecular rulers [20] .
Of critical importance for waveguide applications of metal nanoparticle chains is the dispersion relation ω(k). The dispersion relation specifies the dependence of the frequency ω on the wavenumber k, and therefore determines the range of frequencies that can propagate in a waveguide. It also determines the group velocities, and attenuation coefficients. Theoretical models of the dispersion relations have been proposed [4, 7, 21, 22] .
Experimental observations have been made of the plasmon resonances of nanoparticle chains illuminated at normal [23] and 45˚ [24] incidence. Here, we measure plasmon resonance frequencies using transmission spectroscopy, with the angle of incidence varied from 0 to 75 degrees. This allows the dispersion relation to be mapped over a wide range of k values. Surprisingly, our results reveal the presence of a third plasmon mode that was not reported in previous experiments [23, 24] . Those experiments reported the existence of one longitudinal and one transverse mode. We recently presented our experimental results at the Conference on Lasers and Electro-Optics [25] . The results represent, to the best of our knowledge, the first experimental measurements of the dispersion relations of chains of closely-spaced metal nanoparticles. In that investigation [25] , we compared our results to a basic quasi-static theory. In this paper, we compare the experimental results to a theoretical model that is fullyretarded and includes the effects of radiation damping. The finite size of the nanoparticles is modeled using the Modified Long Wavelength Approximation (MLWA) [26] . In addition, we present a numerical study of the local fields that are created by different plasmon modes.
Fabrication of Gold nanoparticle chains
Gold nanoparticle chains are fabricated on glass slides by electron beam lithography, metal evaporation and lift-off. The starting substrate is a glass slide coated with indium tin oxide (ITO) to minimize charging during fabrication. Poly-methyl-methacrylate (PMMA) is spun on and baked. The nanoparticle chain pattern is exposed by electron beam lithography, and the sample is developed. Gold is evaporated to a thickness of 55 nm, with chrome (5 nm) used for adhesion. The PMMA is dissolved in acetone, followed by methanol and then isopropanol. The scanning electron micrographs of Figs. 1(a) and 1(b) illustrate the final result. The total extent of the array of gold nanoparticle chains is 100 μm × 100 μm. The constituent nanoparticles have diameters of ~92 nm, and center-to-center distances of 140 nm along the length of the chain. The spacing between adjacent chains is 300 nm. While coupling between adjacent chains will influence the dispersion relation, we expect that the effect will be small compared to interactions between neighboring nanoparticles (140 nm) in each chain. We expect that the results of our study will be highly representative of the results that would be obtained for isolated chains. This is discussed later in greater detail.
(a). Nanoparticle spacing along chain is 140 nm. Adjacent chains are spaced by 300 nm. Nanoparticle diameter is 92 nm. Gold thickness is 55 nm.
Measurement of dispersion relations of Gold nanoparticle chains
To determine the dispersion relations, transmission spectroscopy of fabricated devices is performed with the set-up shown as Fig. 2 . The light source is a Xenon lamp, which is focused into an optical fiber. A microscope objective is used to collect light from the optical fiber, which then passes through a polarizer and illuminates the sample. The sample is mounted on a rotation stage. Rotating the sample allows the wavenumber k along the nanoparticle chain to be varied, and the resulting wavelength of the plasmon resonance to be measured. The light transmitted through the sample is collected by a microscope objective. An adjustable iris is used at the image plane to collect only the light transmitted through the nanoparticle chain array. The light passing through the iris is focused into an optical fiber by a microscope objective, and input to an optical spectrum analyzer. The transmission spectra presented here are found by normalizing spectra measured through the nanoparticle chain array by spectra measured through an unpatterned region of the glass slide. Adjustment of the polarizer allows transmission spectra to be measured with s-polarized ( Fig. 3(a) ) and p-polarized ( Fig. 3(b) ) illumination. The sample is oriented such that the axis of the nanoparticle chain, along which the nanoparticles are spaced by 140 nm, is in the plane of incidence. This is shown in the insets of Figs 3(a) and 3(b). The angle of incidence θ is varied from 0 to 75˚, in steps of 5˚. The spectra are vertically offset for clarity, by 0.05 per spectrum, starting with zero offset for normal (0˚) incidence. The dips in the spectra correspond to the plasmon resonance wavelengths of the nanoparticle chains. At these wavelengths, plasmon oscillations in the nanoparticle chains reach their maximum amplitudes. The increased scattering and absorption that result lead to transmission minima. It can be seen from Fig. 3 (a) that s-polarized illumination couples to a single mode (transverse, denoted "T1"). Increasing the angle of incidence results in the transmission spectra probing portions of the dispersion relation with longer wavevectors (k). For the transverse mode T1, the plasmon wavelength red-shifts as the wavevector (k) is increased, as discussed later in greater detail. P-polarized illumination couples to a single mode (longitudinal, denoted "L") at normal incidence, with an additional mode (transverse, denoted "T2") coupled to at large angles of incidence. The plasmon wavelength of the longitudinal mode L blue-shifts as the wavevector (k) is increased. This is discussed later in detail. To the best of our knowledge, mode T2 has not been previously observed. Previous experimental observations of the plasmon resonances of metal nanoparticles chains were made either at normal [23] or 45˚ [24] incidence, and therefore did not excite this mode appreciably. 
Physical interpretation of plasmon modes
The dispersion and coupling behavior of the modes of metal nanoparticle chains exhibited in Fig. 3 can be understood by modeling the chains as systems of coupled electric dipoles [4] . For noble metal nanoparticles with diameters much smaller than the illumination wavelength, the excitation of surface plasmons produces oscillating dipole fields [27] . We begin by considering the modes of metal nanoparticle chains and their coupling behavior. Modes of metal nanoparticles chain fall into two categories, depending on the orientation of the dipole moments of the constituent nanoparticles. In the longitudinal mode, illustrated schematically in Fig. 4 , the dipole moments are oriented along the direction of the chain. The transverse modes have their dipole moments oriented perpendicular to the chain. Previous theoretical models [3, 4, 7, 21, 22] of nanoparticle chains consider them to consist of spheres embedded in a homogeneous medium. In those models, therefore, the nanoparticles chains have one longitudinal and two, degenerate, transverse modes. However, in the experimental realization presented in this Letter, as well as previous reports [23, 24] , metal nanoparticle chains are fabricated on glass substrates by electron beam lithography. We therefore expect that these nanoparticle chains will exhibit one longitudinal mode and two distinct transverse modes. In transverse mode T1, the dipole moments are oriented in the plane of the substrate. In addition to T1, we expect a second transverse mode T2, in which the dipole moments are oriented normal to the substrate. Due to the non-spherical nature of the nanoparticles, and the fact that the local field distribution of the two modes will be different since the nanoparticles are situated at the interface between materials with different dielectric constants, we expect that modes T1 and T2 will be non-degenerate. Mode T2 is discussed in greater detail below with the aid of numerical simulations. In order for a mode to be coupled to, the electric field of the illumination must have a component oriented along the direction of the dipole moments of the metal nanoparticles. As illustrated in Fig. 3(a) , we expect that transverse mode T1 will be therefore coupled to with s-polarized illumination. Similarly, we expect that p-polarized illumination ( Fig. 3(b) ) will couple to both longitudinal L and transverse T2 modes. However, for appreciable coupling to mode T2, a large angle of incidence should be necessary. Mode T2 should not be coupled to at normal incidence. Similarly, coupling to mode L and, correspondingly, the amplitude of the dip in the transmission should steadily decrease as the angle of incidence is increased. These predictions are consistent with the experimental results of In order to understand the nature of mode T2, we perform finite difference time domain (FDTD) calculations of the internal field distributions of the gold nanoparticles [28] . As shown in Fig. 5 , the metal nanoparticles are modeled as gold cylinders with diameters of 90 nm and heights of 55 nm. A unit cell, consisting of a single gold nanoparticle, is modeled, and periodic boundary conditions are used to account for the periodic nature of the nanoparticle array. The spacing between nanoparticles along the chain is 140 nm, and the spacing between adjacent chains in 300 nm, matching the parameters of fabricated structures. A grid spacing of 5 nm at and near the particles is employed. The complex refractive index of the gold is taken from Reference [29] . The incident illumination is a p-polarized plane wave introduced from the glass side. Periodic boundary conditions are applied at the ±x and ±y boundaries. Perfectly matched layers are applied at the ±z boundaries. To check the accuracy of our technique, we calculate the far-field transmission spectrum, allowing comparison with experiment. To do this, we carry out a number of FDTD simulations. In each simulation, a pulse covering the spectral region of interest is launched at a single k y value, with k x fixed at zero. By interpolating the simulation results, we obtain the far-field transmission spectrum for p-polarized illumination at an incident angle θ inc, glass of 35° from the normal to the glass-air interface. This corresponds to a transmitted angle of 60°. The results are shown as Fig. 6 , together with transmission measured on the fabricated nanoparticle array. It should be noted that no fitting parameters are used in the comparison between simulation and experiment. From Fig. 6 , it can be seen that the FDTD simulations are in very good agreement with the experimental results. The dips in the transmission, as well as the overall shape, of the FDTD-calculated spectrum are in good agreement with experiments. This confirms the accuracy of our FDTD modeling method. We now employ FDTD simulations to understand the nature of modes L and T2, which manifest themselves as dips in the transmission spectra of Fig. 6 . In the numerical simulations, these modes occur at free space wavelengths of 613.5 nm and 512.8 nm, respectively, as found from the peaks of the FDTD-calculated absorption spectra (data not shown). We begin by considering the L mode. We calculate the internal electric field distribution of the nanoparticle when it is excited with continuous wave (CW) illumination at λ 0 = 613.5 nm. The p-polarized plane wave is incident from the glass at θ inc,glass = 35°. In Fig.   7 , the instantaneous internal electric fields are plotted for a cross section through the nanoparticle in the yz plane with x = 0. The fields are plotted at five instants over half an optical cycle, namely at t = {0, T/8, T/4, 3T/8, T/2}, where T is the period. From Fig. 7 , it can be seen that the fields are predominantly oriented along the y axis. The fields oscillate from being oriented in the +y direction at t=0, to the -y direction at t=T/2, and so forth. At t=T/4, the field amplitudes are smaller, and are mainly oriented along the z axis. The calculated field distributions indicate that oscillating charges accumulate at the edges and corners of the nanoparticle, as evidenced by the large divergence of the electric field at those locations. The calculated field distributions are in agreement with our interpretation (Fig. 4 ) of this being a longitudinal mode, in which the dipole moments of the nanoparticles are oriented along the direction of the chain. 
Instantaneous electric field at time a). t=0, b). t=T/8, c). t=T/4, d). t=3T/8 and e). t=T/2, where
We now consider the T2 mode. As before, a p-polarized plane wave is incident from the glass at θ inc,glass = 35°, however in this case λ 0 = 512.8 nm. In Fig. 8 , the instantaneous internal electric field distributions are plotted on a cross section through the yz plane at x = 0.. It can be seen that the fields exhibit a strong component of polarization in the z direction, especially at t = 0, T/2, and so forth. There is also an appreciable component of the field in the ydirection, especially at t = T/8, 5T/8, and so forth. This is most likely due to the excitation of both the L and T2 modes, with a phase difference between them of ~2 / π . While the L mode is centered at λ 0 = 613.5 nm, the wide bandwidth of the plasmon resonance leads to appreciable excitation even at λ 0 = 512.8 nm. From the calculated field distributions, we interpret T2 as a mode in which the dipole moments of the constituent nanoparticles are oriented perpendicular to the direction of the chain, and normal to the substrate. This is consistent with model proposed in Fig. 4 . 
Instantaneous electric field at time a). t=0, b). t=T/8, c). t=T/4, d). t=3T/8 and e)
. t=T/2, where T = period.
Dispersion relations
From the transmission spectra of Fig. 3 , the dispersion relations of the plasmon modes can be determined. The plasmon frequencies (ω) are found from the positions of the transmission minima (dips) in the measured spectra. The in-plane k vectors are then found from:
where θ is the angle of incidence, as shown in Fig. 3 . The dispersion relations of the L and T1 modes found in this way are plotted as Fig. 9 . Each symbol represents a data point found from the position of a transmission minimum (dip) in the spectra of Fig. 3 . We fit each spectrum with a fifth order polynomial, in a 100nm bandwidth about the dip position, and find the minimum of the fitted curve. In earlier work [25] , we found the plasmon resonance frequencies from the minima of the experimental transmission spectra. However, we find that fitting each spectrum with a polynomial is effective at mitigating against the effects of experimental noise. Dispersion relations, calculated using the fully-retarded model of Weber and Ford [22] , are also shown. In this fully-retarded model, the full time-dependent fields of an oscillating dipole are used. Interactions between dipoles contain terms varying as 1/r, 1/r 2 and 1/r 3 . We make some modifications to the model of Weber and Ford [22] . We account for the non-spherical nature of the nanoparticles by modeling them as ellipsoids rather than spheres. We use the experimental values for the optical constants of gold [29] , rather than the Drude model. Lastly, we employ the Modified Long Wavelength Approximation (MLWA) [26] to account for the shift in plasmon frequency and polarizability due to the finite size of nanoparticles.
In calculating the dispersion relations, we assume that the axis of the nanoparticle chain is along the y direction, with the spacing between nanoparticles being d y . The semi-axes of the ellipsoids along the (x,y,z) axes are (a,b,c) . From Fig. 1(b) , it can be seen that the nanoparticles have diameters of ~92 nm. The gold thickness is 55 nm. Therefore, we choose a=b= 46 nm, and c=27.5 nm in our model. Taking the x-axis as an example, the nanoparticle polarizability is given by: To account for the effects of retardation, it is necessary to include the effect of radiative damping in the polarizability. In addition, the finite size of the nanoparticles means that there will be a depolarization of the radiation across the particle surface. This phenomenon is known as dynamic depolarization and causes red-shifting of the plasmon resonance with increasing particle size. The theory that describes these effects is sometimes known as the MLWA [26] . The polarizability is modified to be:
The second term in the brackets of Eq. (4) describes radiative damping, and the third term describes dynamic depolarization.
The model employed here, as well as other models that have been reported [4, 7, 21, 22] , assumes that the nanoparticles are situated in a homogeneous medium. However, in the experiments we report here, as well as those of Refs. [23, 24] , the nanoparticles are situated at the interface between two media with different dielectric constants, namely glass and air. The development of a theoretical fully-retarded model for surface plasmons on metal nanoparticle chains at the interface between two media would be of great value. In the current absence of such a model, we calculate the two sets of dispersion relations. In the first set, the nanoparticles are assumed to be in air. In the second set, the nanoparticles are assumed to be in a homogeneous glass medium, with a refractive index of 1.51. The calculated dispersion relations are shown as Fig. 9 . In Fig. 9(a) , the experimental results for the T1 and L modes are plotted along with the calculated dispersion curves. In Fig. 9(b) , the calculated dispersion curves for the T2 modes are plotted. It should be noted that no fitting parameters are used in the theoretical model. The model employed [22] solves for the discrete normal modes of a set of N nanoparticles. In the limit of N being large, the normal mode frequencies form a continuous distribution, corresponding to the dispersion relation. This approach is analogous to solving for a chain of coupled oscillators, where each oscillator is coupled to all others. In Fig. 9 , we employ a chain of 60 nanoparticles and solve for the plasmon frequencies. Fig. 9(a) , it can be seen that the experimental results for the T1 and L modes occur in a frequency range that is in between the theoretical dispersion relations for nanoparticles in air and in glass. From Fig. 3(b) , it can be seen that the transmission dips associated with the T2 mode are not as deep as those of the T1 or L modes. Apart from the transmission spectrum obtained for the largest angle of incidence (75°), the spectral features associated with the T2 mode do not exhibit local minima. Therefore, unlike the T1 and L modes, for the T2 mode we do not extract the resonance frequencies from the experimental data for the purpose of comparison to theory. Instead, as shown in Fig. 10 , we re-plot the transmission spectra of Fig. 3(b) for the largest angles of incidence, indicating the theoretical predictions for the positions of the T2 modes for the cases of nanoparticles in air, and nanoparticles in glass. The theoretical predictions are extracted from the data plotted as Fig. 9(b) . From Fig. 10 , it can be seen that the T2 mode experimental results occur in a frequency range the lies between the two theoretical dispersion calculations. Our theoretical calculations predict that nanoparticles in a glass medium are considerably red-shifted, compared to nanoparticles in air. It is therefore consistent that the experimental results, in which the nanoparticles are situated at the interface between an air/glass medium, occur in a frequency range between the theoretical dispersion relations for nanoparticles in air and glass. We can conclude from Figs. 9 and 10 that the fully retarded dispersion model for nanoparticles in a homogeneous medium predicts dispersion relations that are qualitatively correct, as evidenced by their consistency with the experimental results. However, the results suggest that quantitative modeling will only be possible with a theory that accounts for the fact that the dipoles are at an interface between air and glass.
An interesting question is the influence of adjacent nanoparticle chains upon the measured dispersion relations. The induced dipole moment of a nanoparticle is equal to its polarizability ) (ω α multiplied by the local electric field, which is due to the fields from the other nanoparticles. The effects of coupling between adjacent chains can therefore be quantified by comparing the contribution to the electric field at a nanoparticle from a nearest neighbor within the chain to the contribution from a nearest neighbor of an adjacent chain.
The electric field generated by a single dipole p exp (-iωt) , oscillating with frequency ω is given by [31] :
3 (5) where rˆ is the unit vector pointing from the dipole to the field point at distance r, n is the refractive index of the medium, is the speed of light in the medium. For the purposes of calculation, we assume that the wavelength is λ 0 = 600 nm, and that the medium is free space. The spacing between nanoparticles in a chain is taken as 140 nm and the spacing between adjacent chains is 300 nm, matching the parameters of fabricated devices. Let us first consider the longitudinal mode. From Eq. (5), we find that the magnitude of the electric field at a nanoparticle from a nearest neighbor dipole in the chain is ~3.7 times that of the field from the nearest neighbor dipole in an adjacent chain. For the transverse mode, we find that the magnitude of the electric field at a nanoparticle from a nearest neighbor dipole in the chain is ~2.8 times that of the field from the nearest neighbor dipole in an adjacent chain. Also, it should be noted that the wavevector k under consideration is that along the chain, giving the phases of the dipole moments of the nanoparticles in each chain. The wavevector k between adjacent chains is not varied, meaning that the phase of the dipole moment of each nanoparticle is the same as that of its nearest neighbors in adjacent chains. We conclude that while coupling between adjacent chains influences the dispersion relations, we expect them to be dominated by interactions between neighboring nanoparticles in each chain. This confirms that our experimental results are highly representative of the dispersion relations of isolated chains.
The experimental results presented here are obtained using transmission measurements, and therefore probe the portion of the dispersion relation above the light line of air. While experimental and theoretical results are in qualitative agreement in this region, we expect that this will not be the case below the light line. We expect that the transition from transmission to total internal reflection will be accompanied by major changes in the coupling between nanoparticles. We intend to carry out further experiments and modeling in this portion of the dispersion relation. Our results motivate the development of a theoretical model that accounts for the fact that the nanoparticles are situated at the interface between two dielectric media.
Conclusions
We have measured the dispersion relations of the surface plasmon modes of metal nanoparticle chains. In addition to one longitudinal and one transverse mode, the experimental spectra reveal the existence of a third mode, which had not been previously reported. FDTD simulations revealed that this mode is transverse in nature, with the dipole moments of constituent nanoparticles oriented normal to the substrate. The experimental dispersion relations were found to be in reasonable qualitative agreement with the results of the fully-retarded point dipole model. The results demonstrate the dispersive nature of metal nanoparticle chains, which will be important in future waveguide applications.
